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Abstract
The warping degree of an oriented knot diagram is the minimal number
of crossing changes which are required to obtain a monotone diagram from
the diagram. The minimal warping degree of a knot is the minimal value
of the warping degree for all oriented minimal diagrams of the knot. In
this paper, all prime alternating knots with minimal warping degree two
are determined.
1 Introduction
A knot is an embedding of a circle in S3. A knot projection is a projection
of a knot on S2 such that each intersection is a double point where arcs cross
transversely. We call such double point a crossing. A knot diagram is a knot
projection with over/under information at each crossing. We denote by |D|
the knot projection which is obtained from a knot diagram D by forgetting the
over/under information. An edge of D or |D| is an arc from a crossing to the
next crossing.
For an oriented knot diagram D, take a base point b on an edge. We call it a
based diagram and denote it by Db. A crossing p of D is a warping crossing point
of Db if we encounter p as an under-crossing first by traveling D from b with
the given orientation. The warping degree, d(Db), of an oriented based diagram
Db is the number of warping crossing points of Db. The warping degree, d(D),
of an oriented diagram D is the minimal value of d(Db) for all base points b.
([3, 9]. See also [4, 7] for similar notions.) A knot diagram D with d(D) = 0 is
said to be monotone. Every monotone diagram represents the trivial knot.
The warping degree relates to some basic knot invariants. The unknotting
number, u(K), of a knot K is the minimal number of crossing changes which
are required to make K unknotted. We have u(K) ≤ d(D) for any oriented
diagram D of K. The ascending number, a(K), of a knot K is defined in [7],
and is equivalent to the minimal value of d(D) for all oriented knot diagrams D
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ofK.1 We also have a(K) ≤ d(D) for any oriented diagramD ofK by definition.
The strong point of the warping degree is that we can obtain the value easily
by traveling a knot diagram.2 In [9], the relation between the warping degree
and the crossing number is given as follows. Let D be an oriented diagram
of a knot K, and let −D denote D with orientation reversed. Let e(K) be
the minimal value of d(D) + d(−D) for all minimal diagrams D of K. The
inequality e(K) ≤ c(K) − 1 holds, and the equality holds if and only if K is
a prime alternating knot, where c(K) is the crossing number of K. The knot
invariant e(K) is named the warping sum and studied in [1]. There are various
breakdowns of the warping sum of e(K) = d(D)+ d(−D) for minimal diagrams
D of a prime alternating knot K although the value is constant to c(K) − 1.
Then our next interest is how small the warping degree can be for minimal
diagrams of a prime alternating knot.
The minimal warping degree, md(K), of a knot K is the minimal value of
d(D) for all oriented minimal diagrams D of K. By definition, a(K) ≤ md(K)
holds for each knot K. In [1], all the knots of minimal warping degree one are
determined to be 31 and 41.
3 In this paper, all the prime alternating knots of
minimal warping degree two are determined as follows:
Theorem 1.1. All the prime alternating knots of minimal warping degree two
are the following 9 knots: 51, 52, 61, 62, 63, 76, 77, 812, 818.
Figure 1: Minimal diagrams of all the prime alternating knots with minimal
warping degree two. The diagrams of 51 and 52 have warping degree two with
both orientations.
(See Figure 1.) We remark that there are still minimal warping degree two
knots for non-prime or non-alternating knots. For example, the Granny knot
1 The relations of the ascending number and the unknotting number, crossing number and
bridge number are shown in [7].
2 Applying the warping-degree labeling, we can obtain the value of the warping degree more
easily. See [10].
3In [7], it is shown that the ascending number of a knot K is one if and only if K is a twist
knot.
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has minimal warping degree two (see Proposition 3.2). We can also see that
md(820) = md(821) = 2 from Rolfsen’s knot table.
The rest of the paper is organized as follows. In Section 2, we define a
half-curve and its length, which gives an estimation of the warping degree. In
Section 3, we enumerate all the alternating knot diagrams of warping degree
two and prove Theorem 1.1. In Section 4, we give a lower and upper bounds of
the warping degree of some knot projections considering the “r-factor”.
2 Half-curve and the warping degree
In this section, we define a half-curve and its length for knot projections and knot
diagrams to give an estimation for the warping degree. For a knot projection
P , give four points α, β, γ and δ around a crossing c as shown in Figure 2. We
Figure 2: Four points around a crossing c. Broken curves imply the connection.
The half-curve Cαβ is thicken.
call the curve from α to β which does not include c a half-curve based on c, and
denote it by Cαβ . If a half-curve C
α
β does not have a self-crossing, we define the
length, l(Cαβ ), of C
α
β to be the number of crossings on C
α
β , that is, the number
of crossings between Cαβ and C
γ
δ . If C
α
β has a self-crossing, the length is not
defined. See Figure 3 for an example. We note that the value of the length is a
non-negative even integer.
Figure 3: Lengths of half-curves. The value of l(Cαβ ) is given near the endpoints
of each half-curve Cαβ . The length is not defined at each empty corner.
For knot diagrams, we define a half-curve and its length as well as knot projec-
tions. We have the following lemma:
Lemma 2.1. If an oriented alternating knot diagram D has a half-curve Cαβ
whose length is n, then d(D) ≥ n/2.
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Proof. Let c be a crossing of D which Cαβ is based on. As mentioned in [9], for
any oriented alternating knot diagram D, the warping degree d(D) is obtained
by taking a base point anywhere just before an over-crossing, or just after an
under-crossing. Take such a base point b around c as shown in Figure 4. Then,
Figure 4: Take a base point b just before an over-crossing or just after an under-
crossing of c.
a crossing p on Cαβ is a warping crossing point of Db if p is a crossing where
Cαβ is under and C
γ
δ is over. Since D is alternating, the half-curve C
α
β has the
same number of over-crossings and under-crossings, and the number equals half
the value of l(Cαβ ). Recall that C
α
β has no self-crossings. Hence we have the
inequality d(D) ≥ l(Cαβ )/2.
For a knot projection P , we define the length of P to be the maximal value of
the length for all half-curves of P and denote it by l(P ). For example, the knot
projections P,Q and R in Figure 3 have length two, four and two, respectively.
A knot projection or knot diagram is nontrivial if it has at least one crossing.
The following proposition implies that the length is well-defined for nontrivial
knot projections.
Proposition 2.2. Every nontrivial knot projection has a half-curve which has
no self-crossings.
Proof. For a crossing c of P , if a half-curve C based on c has a self-crossing
c′, retake the half-curve C′ based on c′ which is included by C. If C′ has a
self-crossing c′′, similarly retake the half-curve C′′ based on c′′. Repeat this
procedure and we obtain a half-curve without a self-crossing.
The length l(D) of a knot diagram D is well-defined as well as knot projec-
tions. From Lemma 2.1, a lower bound for the warping degree of an oriented
alternating knot diagram is given in the following corollary.
Corollary 2.3. For an oriented alternating nontrivial knot diagram D, the
inequality d(D) ≥ l(D)/2 holds.
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We have the following corollary.
Corollary 2.4. Any nontrivial alternating knot diagram D with d(D) ≤ 2 has
length four, two or zero.
Proof. The value of l(D) should be four or less from l(D)/2 ≤ d(D) ≤ 2 by
Corollary 2.3, and be non-negative even integer by definition.
A tangle is a portion of a knot projection or knot diagram which can be
bounded by a circle where arcs intersect transversely. We call each arc in a
tangle which has the endpoints on the circle a segment. An n-tangle is a tangle
of n segments. We have the following.
Lemma 2.5. Let T be an n-tangle (n ≥ 2) which is a portion of an alternating
knot diagram. If two segments intersect mutually two or more times, then T
includes at least one warping crossing point by taking a base point anywhere
outside T .
Proof. Let S,R be two segments in T which have two or more mutual cross-
ings. Remark that S and R may also have self-crossings or crossings with other
segments. Since the diagram is alternating, S and R have over-crossings and
under-crossings alternatively. For each self-crossing, the segment has one over-
crossing and one under-crossing. Hence, S and R have at least one non-self
under-crossing because they have two or more non-self crossings. If we take a
base point outside T , one of S and R, which we encounter first from the base
point, has a warping crossing point.
We have the following:
Corollary 2.6. Let T be an n-tangle which is a portion of an alternating knot
diagram. If T has a k-gon created by k segments (k ≥ 2), then T includes a
warping crossing point by taking a base point anywhere outside of T .
Proof. Since the k segments have a non-self under-crossings, one of them we
encounter first has a warping crossing point when we take a base point outside
T .
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In this paper, we say that half-curves, tangles, polygons or regions are disjoint
when they share no crossings. We have the following.
Corollary 2.7. If an alternating knot diagram D has disjoint k1-gon, k2-gon,
. . . and kn-gon (k1, k2, . . . , kn ≥ 2) and a crossing c, then d(D) ≥ n.
Proof. Assume that each ki-gon is in a ki-tangle Ti which is obtained by taking
a regular neighborhood of the ki-gon. Take a base point b just before an over-
crossing of the crossing c. From Corollary 2.6, each Ti has a warping crossing
point, and therefore Db has at least n warping crossing points.
We show the following corollary for knot projections which will be used in the
next section.
Corollary 2.8. Let T be an n-tangle which is a portion of a knot projection P .
If a segment S of T has a self-crossing, then S includes at least one half-curve
of P which has no self-crossings.
Proof. Let Q be a knot projection obtained from S by connecting the endpoints
outside of T . By Proposition 2.2, Q has a half-curve which has no self-crossings.
Then, S has the corresponding half-curve in P , and it has no self-crossings even
if it has extra non-self-crossings.
3 Construction of knot projections of warping
degree two
The aim of this section is to list up all the reduced alternating knot diagrams
D with d(D) = 2 and prove Theorem 1.1. The warping degree d(P ) of a knot
projection P is the minimal value of warping degree for both alternating knot
diagrams D with |D| = P and for both orientations. For example, the knot
projection P in Figure 5 has d(P ) = 1. In [9], the equality d(−D) = d(D∗) is
shown, where −D is the knot diagram D with orientation reversed and D∗ is
D with all the crossings changed. Hence it is sufficient to check the warping
degrees d(D) and d(D∗) for a fixed orientation to obtain the value of d(P ) for
P = |D|. We have the following corollary from Corollary 2.7.
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Figure 5: From d(D) = d(−D∗) = 1 and d(−D) = d(D∗) = 2, the warping
degree of the knot projection P is 1.
Corollary 3.1. If a knot projection P has disjoint k1-gon, k2-gon, . . . and
kn-gon (k1, k2, . . . , kn ≥ 2) and a crossing, then d(P ) ≥ n.
A knot projection P is said to be reducible if P has a region which meets itself
diagonally around a crossing. A knot projection P is said to be reduced if P is
not reducible. In this section, we consider reduced projections only, and then
we do not need to consider half-curves with length zero. Let P be a reduced
alternating knot projection with d(P ) = 2. Then, we have the necessary con-
dition that the length of P is four or two by Corollary 2.4, and we have the
following three cases by Lemma 2.1 and Corollary 3.1. Note that a half-curve
of length two creates a 2-gon.
Case 1. l(P ) = 4 and P has exactly one half-curve of length four and does
not have other disjoint half-curves.
Case 2. l(P ) = 2 and P has exactly two disjoint half-curves with length two,
Case 3. l(P ) = 2 and P does not have two or more disjoint half-curves with
length two.
Case 1: In this case, P has one of the three tangles 1A, 1B and 1C in Figure 6 as
a half-curve of length four in the following reason. The segment between 1 and
Figure 6: Tangles 1A, 1B and 1C including a half-curve of length four.
6 in each tangle includes a half-curve of length four. The other two segments
may have at most one mutual crossing and have no self-crossings inside the
half-curve by Lemma 2.5 and Corollary 2.8 by considering a 2-tangle inside the
half-curve. Thus we have exactly three cases, 1A, 1B and 1C. To list up knot
projections of warping degree two, we connect the endpoints by three segments
outside of each tangle satisfying the following necessary conditions for d(P ) = 2:
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(i) The result is a knot projection (not a link projection).
(ii) Any pair of segments have at most one mutual crossing (by Lemma 2.5).
(iii) Any segment does not have a self-crossing (by Corollary 2.8).
For each case of 1A, 1B and 1C, there are eight ways of connection satisfying
the condition (i); The endpoint of 1 has four choices of endpoints to connect,
except 6. Then the endpoint 6 has two choices to connect, the endpoints of the
segment which is not connected to 1. Thus we have eight connections.
For Case 1A, the eight combinations satisfying the condition (i) are the
following a to h:
a(1−2, 3−4, 5−6), b(1−2, 3−5, 4−6), c(1−3, 2−4, 5−6), d(1−3, 2−5, 4−6),
e(1−4, 2−5, 3−6), f(1−4, 2−6, 3−5), g(1−5, 2−4, 3−6), h(1−5, 2−6, 3−4)
Here, two combinations such that one is obtained from the other by subtracting
all the numbers from 7 are the horizontal-reflection each other. For example,
by subtracting from 7 for all the numbers of b(1 − 2, 3 − 5, 4 − 6), we obtain
(6− 5, 4− 2, 3− 1), and this combination is equivalent to c. The combinations
f and g are also a horizontal-reflection pair. Then we can delete c and g from
the list. In Figure 7, the knot projections which is a result of the combinations
a, b, d, e, f and h satisfying the conditions (ii) and (iii), 1Aa, 1Ab, 1Ad, 1Ae1,
1Ae2, 1Af , 1Ah, are shown. The knot projections 1Ae1 and 1Ae2 have a 3-gon
out of the tangle, and have warping degree three or more when we take a base
point at the crossing where the length-four half-curve is based on by Corollary
2.6. The knot projection 1Af has warping degree three, and the other knot
projections have two.
Figure 7: All the knot projections 1Aa, 1Ab, 1Ad, 1Ae1, 1Ae2, 1Af and 1Ah
satisfying the conditions (ii) and (iii) obtained by the connections a, b, d, e, f
and h in Case 1A.
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For Case 1B, the eight combinations satisfying the condition (i) are the
following a to h:
a(1−2, 3−5, 4−6), b(1−2, 3−6, 4−5), c(1−3, 2−4, 5−6), d(1−3, 2−6, 4−5),
e(1−4, 2−3, 5−6), f(1−4, 2−6, 3−5), g(1−5, 2−3, 4−6), h(1−5, 2−4, 3−6)
Here, a and c, b and e, d and g, and f and h are the horizontal-reflection pairs.
In Figure 8, the knot projections are shown, and we can see that the knot
projection 1Bf has warping degree three and the others have two.
Figure 8: All the knot projections 1Ba, 1Bb, 1Bd and 1Bf satisfying the con-
ditions (ii) and (iii) obtained by the connections a, b, d and f in Case 1B.
For Case 1C, the eight combinations satisfying the condition (i) are the
following a to h:
a(1−2, 3−4, 5−6), b(1−2, 3−6, 4−5), c(1−3, 2−5, 4−6), d(1−3, 2−6, 4−5),
e(1−4, 2−3, 5−6), f(1−4, 2−5, 3−6), g(1−5, 2−3, 4−6), h(1−5, 2−6, 3−4)
Here, b and e, and d and g are the horizontal-reflection pairs. In Figure 9, the
knot projections are shown, and we can see that 1Cf1 and 1Cf2 have a 3-gon
out of the tangle, and the other knot projections have warping degree two.
Figure 9: All the knot projections 1Ca, 1Cb, 1Cc, 1Cd, 1Cf1, 1Cf2 and 1Ch
satisfying the conditions (ii) and (iii) obtained by the connections a, b, c, d and
h in Case 1C.
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Case 2: In this case, P has the two disjoint tangles in Figure 10. The outer of
Figure 10: Two tangles of half-curves of length two.
the two discs bounded by broken circles forms an annulus, and to list up knot
projections, we connect the endpoints 1 to 8 by four segments on the annulus
satisfying:
(i) The result is a reduced knot projection.
(ii) Any segment does not have a self-crossing.
(iii) Any segment has at most two crossings on it.
(iv) Any pair of segments have at most one mutual crossing.
We have the condition (ii) because if a segment S has a self-crossing, then
the annulus includes a half-curve with a length similarly to Corollary 2.8 and
contradicts the situation of Case 2. We also have the condition (iii) in the
following reason. Consider an oriented alternating knot diagram D with |D| =
P . If a segment S on the annulus has three or more non-self crossings, take
a base point in one of the 2-tangles, say T1, just before an over-crossing or
just after an under-crossing so that the first segment from the base point is S.
There are essentially four types shown in Figure 11. In the three cases from the
left, the two 2-tangles have warping crossing points because they have a 2-gon
(Corollary 2.6), and S has one or more warping crossing points. In the other
case, the 2-tangle T2 which is not T1 has a warping crossing point, and S has two
or more warping crossing points. Hence, if S has three or more crossings, then
the warping degree is three or more. We have the condition (iv) from Lemma
Figure 11: If a segment S has three or more non-self crossings, the warping
degree is greater than two.
2.5 and Corollary 3.1.
We have 48 combinations satisfying the condition (i) because the endpoint
of 1 has six choices to connect, except the end point of 8. Then the endpoint of
8 has four choices to connect, the endpoints of the rest two segments. And then
the rest four endpoints have two combinations. From a combination, we obtain
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the horizontal-reflected combination by subtracting all the numbers from 9. We
have the following 24 combinations A to X up to horizontal-reflections.
A : (1− 2, 3− 4, 5− 7, 6− 8), (1− 3, 2− 4, 5− 6, 7− 8)
B : (1− 2, 3− 4, 5− 8, 6− 7), (1− 4, 2− 3, 5− 6, 7− 8)
C : (1− 2, 3− 5, 4− 7, 6− 8), (1− 3, 2− 5, 4− 6, 7− 8)
D : (1− 2, 3− 5, 4− 8, 6− 7), (1− 5, 2− 3, 4− 6, 7− 8)
E : (1− 2, 3− 7, 4− 6, 5− 8), (1− 4, 2− 6, 3− 5, 7− 8)
F : (1− 2, 3− 7, 4− 8, 5− 6), (1− 5, 2− 6, 3− 4, 7− 8)
G : (1− 2, 3− 8, 4− 6, 5− 7), (1− 6, 2− 4, 3− 5, 7− 8)
H : (1− 2, 3− 8, 4− 7, 5− 6), (1− 6, 2− 5, 3− 4, 7− 8)
I : (1− 3, 2− 4, 5− 8, 6− 7), (1− 4, 2− 3, 5− 7, 6− 8)
J : (1− 3, 2− 5, 4− 8, 6− 7), (1− 5, 2− 3, 4− 7, 6− 8)
K : (1− 3, 2− 6, 4− 7, 5− 8), (1− 4, 2− 5, 3− 7, 6− 8)
L : (1− 3, 2− 6, 4− 8, 5− 7), (1− 5, 2− 4, 3− 7, 6− 8)
M : (1− 3, 2− 8, 4− 6, 5− 7), (1− 7, 2− 4, 3− 5, 6− 8)
N : (1− 3, 2− 8, 4− 7, 5− 6), (1− 7, 2− 5, 3− 4, 6− 8)
O : (1− 4, 2− 5, 3− 8, 6− 7), (1− 6, 2− 3, 4− 7, 5− 8)
P : (1− 4, 2− 6, 3− 8, 5− 7), (1− 6, 2− 4, 3− 7, 5− 8)
Q : (1− 4, 2− 8, 3− 5, 6− 7), (1− 7, 2− 3, 4− 6, 5− 8)
R : (1− 4, 2− 8, 3− 7, 5− 6), (1− 7, 2− 6, 3− 4, 5− 8)
S : (1− 5, 2− 4, 3− 8, 6− 7), (1− 6, 2− 3, 4− 8, 5− 7)
T : (1− 5, 2− 6, 3− 8, 4− 7), (1− 6, 2− 5, 3− 7, 4− 8)
U : (1− 5, 2− 8, 3− 4, 6− 7), (1− 7, 2− 3, 4− 8, 5− 6)
V : (1− 5, 2− 8, 3− 7, 4− 6), (1− 7, 2− 6, 3− 5, 4− 8)
W : (1− 6, 2− 8, 3− 4, 5− 7), (1− 7, 2− 4, 3− 8, 5− 6)
X : (1− 6, 2− 8, 3− 5, 4− 7), (1− 7, 2− 5, 3− 8, 4− 6)
Next we connect the endpoints by four segments on the annulus for each com-
bination considering the conditions (ii) to (iv). We note that a segment whose
endpoints are on the same side has two choices to place on an annulus, and two
segments whose endpoints are on the both sides have relatively three choices
to place on annulus as shown in Figure 12. Recall that two segments can not
intersect two or more times by condition (iv).
For Case 2A(1 − 2, 3 − 4, 5 − 7, 6 − 8), fix the segment 6-8 without loss
of generality. Then the segment 5-7 has three choices as shown in Figure 13,
parallel, right-handed and left-handed to 6-8. For the case that 5-7 is parallel
to 6-8, the segment 1-2 has two choices with the condition (iv) that 1-2 and any
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Figure 12: A segment α whose endpoints are on the same side has two choices
to place on the annulus. Two segments β and γ whose endpoints are on the
both sides have relatively three choices. We say that β is parallel to γ for the
lower left case, right-handed to γ for the lower middle, and left-handed to γ for
the lower right.
segment can not intersect twice. In the same way, 3-4 has two choices. Thus
we obtain four knot projections 2Aa, 2Ab, 2Ac and 2Ad shown in the upper in
Figure 14. The knot projections 2Ab, 2Ac, 2Ad have three disjoint 2-gons and
Figure 13: The segment 5-7 with parallel, right-handed and left-handed to the
segment 6-8.
a crossing, and therefore have warping degree three or more by Corollary 3.1.
The knot projection 2Aa has warping degree two.
Next, for the case that 5-7 is right-handed to 6-8, we need to place 1-2 and
3-4 so that the result is a reduced knot projection. We obtain two knot projec-
tions satisfying the conditions (ii) to (iv), 2Ae and 2Af , shown in Figure 14.
They have a 3-gon on the annulus, and have warping degree three or more. For
the case that 5-7 is left-handed to 6-8, there are no way to make it reduced with
the conditions (ii) to (iv).
In the same way to Case 2A, we obtain knot projections 2Ba, 2Fa and 2Ha,
shown in figure 15, satisfying the conditions (ii) - (iv) for Cases 2B, 2F and 2H ,
respectively. We can see that the warping degrees of 2Ba, 2Fa and 2Ha are all
two.
For Case 2C(1 − 2, 3 − 5, 4 − 7, 6 − 8), there are three choices to place
4-7 and 6-8, similarly to the situation of Figure 13. For the two cases that
4-7 is right-handed or left-handed to 6-8, i.e., 4-7 and 6-8 have a crossing, it
can not avoid that the result is reducible or has a 3-gon on the annulus with
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Figure 14: All the knot projections satisfying the conditions (ii) to (iv) for case
2A. Only the knot projection 2Aa has warping degree two.
Figure 15: All the knot projections with warping degree two for Cases 2B, 2F
and 2H .
the conditions (ii) to (iv), similarly to Case 2A. Hence 4-7 and 6-8 should be
parallel. The segments 1-2 and 3-5 have two choices, and one of them creates a
2-gon which is disjoint to the 2-gons in the tangles. Hence 1-2 and 3-5 should
be on the side which does not create a 2-gon. Thus we obtain a knot projection
2Ca, shown in Figure 16, which has warping degree two.
In the same way to Case 2C, we obtain one knot projection, shown in Fig-
ure 16, satisfying the conditions and without three disjoint 2-gons for Cases 2D,
2E, 2G, 2N , 2R, 2U and 2W . All the knot projections have warping degree two.
For Case 2I(1 − 3, 2 − 4, 5 − 8, 6 − 7), we can see that every sugment
has endpoints on both sides. In particular, the four segments can be placed
on the annulus with exactly one crossing. We call segments α, β, γ, δ, where α
and β have a crossing at the minimal placement as shown in Figure 17. Now
we enumerate all the possible placements of the segments with the conditions
(ii) to (iv). Fix δ without loss of generality. Then γ has three choices, parallel,
right-handed or left-handed to δ. For the case that γ is parallel to δ, then β has
three choices as well (see Figure 18). For the case that β is parallel to δ, then
α has three choices, too. We can place α with the conditions for the case that
13
Figure 16: All the knot projections with warping degree two for Cases
2C, 2D, 2E, 2G, 2N, 2R, 2U and 2W .
Figure 17: The segments α, β, γ and δ for Cases 2I, 2J, 2K, 2P, 2S and 2T .
α is parallel or left-handed to δ, whereas we can not for the right-handed case
because α and β cross twice. For the case that β is right-handed to δ, we can
place α only with parallel to δ, otherwise α has three crossings. For the case
that β is left-handed to δ, α and β have two mutual crossings or some segments
have three or more crossings for the three choices of α.
For the case that γ is right-handed to δ, the segments α and β must intersect
γ or δ since the left-side endpoints of α and β are bounded by γ, δ and the
boundary of the right-side tangle. Since γ and δ already have a crossing, they
can have at most one crossing with α or β. Hence we have two cases as shown
in Figure 19. We can place α and β satisfying the conditions for the left-hand
case, and we can not for the right-hand case without crossing twice.
Finally, for the case that γ is left-handed to δ, we obtain one knot projection
in the same way to the case that γ is right-handed to δ. Thus, we have the
five placements of α, β, γ and δ, shown in Figure 20, and therefore we have five
knot projections 2Ia, 2Ib, 2Ic, 2Id and 2Ie, shown in Figure 21 for case 2I. The
knot projection 2Ia has a half-curve of length four, and 2Ib and 2Id have three
disjoint 2-gons. The knot projection 2Ie has warping degree four, and 2Ic has
two.
For Case 2J(1− 3, 2− 5, 4− 8, 6− 7), we obtain the five knot projections,
shown in Figure 22 from the five connections shown in Figure 20. The knot
projection 2Ja has a half-curve of length four. The knot projections 2Jc and
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Figure 18: For the case that γ is parallel to δ, β has three choices, parallel,
right-handed and left-handed to δ.
Figure 19: When γ is right-handed to δ, α and β must intersect with γ or δ.
Since each segment can have at most two crossings, we have the two situations,
α intersects γ and β intersects δ, and α intersects δ and β intersects γ.
2Jd have three disjoint 2-gons. The knot projection 2Jb and 2Je have warping
degree three.
For Case 2K(1− 3, 2− 6, 4− 7, 5− 8), we obtain the five knot projections,
shown in Figure 23 from the connections shown in Figure 20. The knot projec-
tion 2Ka has a half-curve of length four. The knot projections 2Kc and 2Ke
have three disjoint 2-gons. The knot projections 2Kb and 2Kd have warping
degree three.
For Case 2P (1− 4, 2− 6, 3− 8, 5− 7), we obtain the five knot projections,
shown in Figure 24 from the connections shown in Figure 20. The knot projec-
tions 2Pa, 2Pb and 2Pd have three disjoint 2-gons. The knot projection 2Pc
has warping degree three, and 2Pe has four.
For Case 2S(1− 5, 2− 4, 3− 8, 6− 7), we obtain the five knot projections,
shown in Figure 25 from the connections shown in Figure 20. The knot projec-
tions 2Sa, 2Sc and 2Se have three disjoint 2-gons. The knot projection 2Sb has
warping degree three, and 2Sd has four.
For Case 2T (1− 5, 2− 6, 3− 8, 4− 7), we obtain the five knot projections,
shown in Figure 26 from the connections shown in Figure 20. The knot projec-
tion 2Ta has a half-curve of length four, and the other knot projections have
three disjoint 2-gons.
For Case 2L(1−3, 2−6, 4−8, 5−7), we obtain the seven knot projections,
shown in Figure 27, in the same way to Case 2I. More throughly, let δ, γ, β, α be
the segments 4-8, 5-7, 2-6, 1-3, respectively. Fix δ without loss of generality. We
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Figure 20: The five placements a to e of the segments α, β, γ and δ satisfying
the conditions (ii) to (iv).
Figure 21: The knot projections obtained by the placements a to e for Case 2I.
The knot projection 2Ia belongs to Case 1. Only the knot projection 2Ic has
warping degree two.
denote by δ(γ) = p, r, l when a segment γ is parallel, right-handed, left-handed
to δ, respectively. We represent the status of γ, β and α to δ by (δ(γ), δ(β), δ(α)).
When (δ(γ), δ(β), δ(α)) = (p, p, p), (p, r, r), (p, l, l), (r, r, p), (r, p, r), (l, l, p) or (l, p, l),
we can place the segments satisfying the conditions (ii) to (iv), as shown in Fig-
ure 27. For the other 20 statuses, it is inevitable that some segments have three
or more crossings.
The knot projection 2La has a half-curve of length four. The knot projections
2Lc, 2Ld and 2Lg have three disjoint 2-gons, and 2Lb and 2Lf have a 4-gon on
the annulus. The knot projection 2Le has warping degree three.
For Case 2M(1−3, 2−8, 4−6, 5−7), fix 5-7 without loss of generality. Then
1-3 has three choices. For the two cases that 1-3 and 5-7 have a crossing, it is
inevitable that the result is reducible with the conditions. Hence 1-3 should be
parallel to 5-7. Since 2-8 and 4-6 have two choices, we have four knot projections,
2Ma, 2Mb, 2Mc and 2Md, shown in Figure 28. The knot projections 2Md has
warping degree two. The others have three disjoint 2-gons.
In the same way to Case 2M , we obtain four knot projections, shown in
Figure 29 for Cases 2Q, 2V and 2X . The knot projections 2Qc, 2V d, 2Xc have
warping degree two, and the others have three disjoint 2-gons.
For Case 2O(1 − 4, 2 − 5, 3 − 8, 6 − 7), fix 6-7 without loss of generality.
Then 3-8 has three choices. For the case that 3-8 is parallel to 6-7, 2-5 has
three choices. If 2-5 is left-handed to 6-7, then 2-5 has three or more crossings.
Hence 2-5 should be parallel or right-handed to 6-7. Thus we obtain the knot
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Figure 22: All the knot projections obtained by the placements a to e for Case
2J . The knot projection 2Ja belongs to Case 1. No knot projections have
warping degree two except 2Ja.
Figure 23: All the knot projections obtained by the placements a to e for Case
2K. The knot projection 2Ka belongs to Case 1. No knot projections have
warping degree two except 2Ka.
projections 2Oa, 2Ob, 2Oc, 2Od and 2Oe shown in Figure 30 for the case that
3-8 is parallel to 6-7. The knot projections 2Oa, 2Ob, 2Od and 2Oe have a 3-gon
on the annulus. The knot projection 2Oc has warping degree three.
For the case that 3-8 is right-handed to 6-7, if 2-5 is parallel to 6-7, then 3-8
has three or more crossings. If 2-5 is right-handed to 6-7, then 3-8 has three or
more crossings with any placement of 1-4. If 2-5 if left-handed to 6-7, then 2-5
has three or more crossings.
For the case that 3-8 is left-handed to 6-7, if 2-5 is left-handed to 6-7,
then 2-5 have three or more crossings with any placement of 1-4. Hence 2-5
should be parallel or right-handed to 6-7. Thus we obtain the knot projections
2Of, 2Og, 2Oh, 2Oi, 2Oj. The knot projection 2Of has three disjoint 2-gons,
and the others have a 3-gon in the annulus.
Case 3: In this case, P has a tangle T shown in Figure 31 which includes a
half-curve of length two. The outer of the tangle T forms a 2-tangle, say T ,
satisfying the following conditions:
(i) The result of connecting is a reduced knot projection.
(ii) Any segment in T does not have a self-crossing.
(iii) Each segment in T has at most three crossings.
We have the condition (ii) to exclude Cases 1 and 2. Note that if a segment of T
has a self-crossing, T includes a half-curve whose length is defined by Corollary
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Figure 24: All the knot projections obtained by the placements a to e for Case
2P . No knot projections have warping degree two.
Figure 25: All the knot projections obtained by the placements a to e for Case
2S. No knot projections have warping degree two.
2.8. We have condition (iii) in the same way to the condition (iii) in Case 2.
From the condition (i), we have the two connections (1 − 2, 3 − 4) and
(1 − 3, 2 − 4). We have the four knot projections in Figure 32 which satisfy
the conditions. The knot projections 3A and 3B have warping degree one. The
knot projections 3C, 3D and 3E have a half-curve of length four.
In conclusion, we have the following.
Proposition 3.2. All the reduced knot projections of warping degree two are
the 16 knot projections shown in Figure 33.
It is well-known that each reduced alternating diagram is a minimal diagram of
an alternating knot, and furthermore each minimal diagram of a prime alternat-
ing knot is an alternating diagram as Tait’s first conjecture, solved by Kauffman
([2]), Murasugi ([5]) and Thistlethwaite ([11]). We prove Theorem 1.1.
Proof of Theorem 1.1. All the reduced knot projections of warping degree two
are listed in Figure 33. From the knot projection 1Aa, we obtain a minimal
diagram of 51 as an alternating diagram D with |D| = 1Aa. From the knot
projection 1Bb, we obtain a minimal diagram of 52. From the knot projection
1Ah, we obtain a minimal diagram of 61. From the knot projections 1Ab, 1Bd
and 1Ca, we obtain a minimal diagram of 62. From the knot projections 1Ba
and 1Cb, we obtain a minimal diagram of 63. From the knot projection 1Ch,
we obtain a minimal diagram of 76. From the knot projections 1Ad and 1Cd,
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Figure 26: All the knot projections obtained by the placements a to e for Case
2T . The knot projection 2Ta belongs to Case 1. No knot projections have
warping degree two except 2Ta.
Figure 27: All the knot projections with possible placements for Case 2L. The
knot projection 2La belongs to Case 1. No knot projections have warping degree
two except 2La.
we obtain a minimal diagram of 77. From the knot projection 2Ic, we obtain
a minimal diagram of 812. From the knot projection 1Cc, we obtain a minimal
diagram of 818. From the other knot projections, we obtain minimal diagrams
of composite knots. Hence, all the prime alternating knots of minimal warping
degree two are the above nine knots. 
Now, we have obtained all the prime alternating knots of minimal warping
degree one and two, and we have the following.
Corollary 3.3. We have the following:
(1) md(31) = md(41) = 1
(2) md(51) = md(52) = 2
(3) md(61) = md(62) = md(63) = 2
(4) md(7i) = 3 for 1 ≤ i ≤ 5
(5) md(76) = md(77) = 2
(6) md(8j) = 3 for 1 ≤ j ≤ 11 or 13 ≤ j ≤ 17
(7) md(812) = md(818) = 2
(8) md(K) ≥ 3 for any prime alternating knot K with c(K) ≥ 9
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Figure 28: All the knot projections satisfying the conditions for Case 2J . Only
the knot projection 2Md has warping degree two.
Figure 29: All the knot projections satisfying the conditions for Cases 2Q, 2V
and 2X . Only the knot projections 2Qc, 2V d and 2Xc have warping degree two.
Proof. (1) is shown in [1]. (2), (3), (5), (7) and (8) follow from Theorem 1.1.
(4) and (6): Let D be an oriented minimal diagram of a prime alternating knot
K. Since D is alternating, d(D) + d(−D) = c(D) − 1 holds (Theorem 1.3 in
[9]), i.e., d(D)+ d(−D) = c(K)− 1 holds. If c(K) = 7 and md(K) > 2, we have
d(D) = d(−D) = 3 from d(D) + d(−D) = 6 and d(D), d(−D) ≥ 3. If c(K) = 8
and md(K) > 2, we have d(D) = 3 and d(−D) = 4 or d(D) = 4 and d(−D) = 3
from d(D) + d(−D) = 7 and d(D), d(−D) ≥ 3.
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Figure 30: All the knot projections satisfying the conditions for case 2O. No
knot projections have warping degree two.
Figure 31: For Case 3, a knot projection P has a tangle of a half-curve of length
two, and there are no disjoint tangles of a half-curve.
4 Estimation of the warping degree of a knot
projection by r-factors
In this section, we define and discuss the “r-factor” to improve Corollary 3.1
and give an estimation for the warping degree of a knot projection. Let P be a
knot projection, and let c be a crossing of P . We denote the pair of P and c by
P c. A set S of regions of P is an r-factor of P c when S satisfies the following
three conditions: (i) each crossing of P except c is on the boundary of one of
the regions in S, (ii) the crossing c is not on the boundary of any region in S,
(iii) all the regions in S are disjoint. Some examples are shown in Figure 34.
We note that some knot projections have no r-factor with any crossing. For
example, see the knot projection P in Figure 35. Take any crossing c without
loss of generality by the symmetry of the knot projection P . We need the region
R1 or R2 to cover the crossing c1. If we choose R1, we can not choose R2, R4
and R5. If we choose R2, we can not choose R1, R2, R4, R5 and R6. Thus we
can not cover all crossings. Hence P has no r-factors. In this section, we show
the following.
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Figure 32: All the knot projections obtained from the tangle in Figure 31 by
connecting the segments satisfying the conditions for Case 3. The knot projec-
tions 3A and 3B have warping degree one. The other knot projections belong
to Case 1.
Figure 33: All the reduced knot projections with warping degree two.
Theorem 4.1. Let P be a knot projection without 1-gons, and let c be a crossing
of P . If a set of n regions of P consisting of k1-gon, k2-gon, . . . ,kn-gon is an
r-factor of P c, the following inequality holds:
n ≤ d(P ) ≤ k1 + k2 + · · ·+ kn − n.
For example, we have 1 ≤ d(P ) ≤ 3 from the r-factor of P c1 in Figure 34. We
have 2 ≤ d(R) ≤ 5 from the r-factor of Rc
′
in Figure 34.4 In particular, for the
case that k1 = k2 = · · · = kn = 2, we have the following.
Corollary 4.2. Let P be a knot projection without 1-gons. If P has an r-factor
of P c which consists of n 2-gons for a crossing c, then d(P ) = n.
4An alternating diagram obtained from R has warping degree 2 and 5 for each orientation.
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Figure 34: The r-factors of P c1 , P c2 , Qc and Rc
′
.
Figure 35: The knot projection P has no r-factors with any crossing.
For example, P c2 and Qc in Figure 34 has an r-factor consisting of 2-gons, and
we obtain d(P ) = 2 and d(Q) = 4. To prove Theorem 4.1, we show the following
lemma.
Lemma 4.3. Let D be an oriented alternating knot diagram which has a k-gon
and a crossing c which is not on the k-gon. If we take a base point b just before
an over-crossing of c, then the k-gon has at most k− 1 warping crossing points
of Db on the boundary.
Proof. Let T be a k-tangle which bounds a regular neighborhood of the k-gon.
Since T has k crossings, it is obvious that T has at most k warping crossing
points of Db. Let S be the segment of T such that we encounter S first from
b. Two crossings belong to S, one over-crossing and one under-crossing. The
over-crossing is not a warping crossing point of Db. Hence T has at most k − 1
warping crossing points of Db.
We show Theorem 4.1.
Proof of Theorem 4.1. Let D be an oriented alternating knot diagram with
|D| = P and d(D) = d(P ). From Corollary 3.1 and Lemma 4.3, we have
n ≤ d(D) ≤ (k1 − 1) + (k2 − 2) + · · ·+ (kn − 1). 
From Corollary 4.2, we have the following corollary.
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Corollary 4.4. (1) Let P be a knot projection represented by the Conway no-
tation with a positive odd integer k. Then d(P ) = (k − 1)/2.
(2) Let P be a knot projection represented by the Conway notation with two
integers lm, where l is a positive even integer and m is a positive odd integer.
Then d(P ) = l/2 + (m− 1)/2.
Proof. For both cases (1) and (2), P has an r-factor consisting of 2-gons with a
crossing.
From Corollary 4.4, we obtain md(K) = (k − 1)/2 for a (2, k)-torus knot K
and md(L) = (m + 1)/2 for a twist knot L with c(L) = m + 2. Remark that
each (2, k)-torus knot and twist knot has a unique minimal diagram (see, for
example, [8]).
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